WEAK TYPE ESTIMATES ON CERTAIN HARDY SPACES 
FOR SMOOTH CONE TYPE MULTIPLIERS 



SuNGGEUM Hong and Yong-Cheol Kim 

Abstract. Let g £ C°°(W^ \ {0}) be a non-radial homogeneous distance function satisfying Q{tS^) = 
tQ{£,)- F"'" / £ S(K'^"'"^) and 5 > 0, we consider convolution operator associated with the smooth 
cone type multipliers defined by 

T^fi^, r)=(^l- ^) ' fit r), it r) G R"^ X R. 

If the unit sphere Eg = G R'^ : g{S^) = 1} is a convex hypersurface of finite type, then we prove 
that the operator T^'-P^ maps from HP{R'^+^), < p < 1, into weak-LP(R'^+l) for the critical index 
S{p) = d(l/p - 1/2) - 1/2. 



1. Introduction. 

Let M be a real- valued d x d matrix whose eigenvalues have positive real part. Then the linear 
transformations A-t = exp(M logt), t > 0, form a dilation group on W^. Let q G C°°(]R'^ \ {0}) 
be a positive real-valued function satisfying Q{AtC) = tQ{(,), which is called an ^^-homogeneous 
distance function ( refer to [11] for elementary properties ). 

Let ©(M'^+-^) be the Schwartz space of rapidly decreasing C°°(ffi'^+-'^)-functions, and let / be 
the Fourier transform of / G ©(M'^^"'^). In what follows, we shall always assume that At = tl and 
Q € C°°(]R'^ \ {0}) is a non-radial Aj-homogeneous distance function whose unit sphere 

■=■ U e : Q{i) = 1} 

satisfies a finite type condition, i.e. every tangent line makes finite order of contact with Tig. For 
/ G ©(M'^"'"^) and 5 > 0, we define convolution operators by 

T'f{x, t) = — / / e(-'0+^tr L _ m\ f^^^ ^) r) G M'^ X R. 

In the case that At = t^^^ I and q{S,) = there is no optimal L^(M'^)-mapping properties of 
which are known for p > 1 and d > 2. For partial results related with this, the reader can refer 
to G. Mockenhaupt [7] and J. Bourgain [1]. However, it is known ( see [5] ) about its sharp weak 
type results on Hp{R'^+'^), < p < 1, with the critical index 5{p) = d{l/p - 1/2) - 1/2. 

The purpose of this article is to obtain sharp weak type endpoint {S{p) = d{l/p — 1/2) — 1/2) 
results of on ifP(M'^+^), < p < 1, for the distance function g{£,) in the sense that is a 
bounded operator of i7P(M'^+^) into Lp(M'^+^) for S > 6{p), but it fails to be of restricted weak type 
{p,p) on iJP(R'^+i) for all 6 < S{p) and fails to be a bounded operator of Hp{R'^+^) into Lp(M'^+1) 
when 6 = S{p). Here denotes the standard real Hardy space as defined by E. M. Stein in [9]. 
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Theorem 1.1. Suppose that g G C°°{W^ \ {0}) is a non-radial homogeneous distance function 
satisfying Q{t^) = t£>(C) whose unit sphere T,g is a convex hypersurface of finite type. If 5{p) = 
d{l/p - 1/2) - 1/2 /or < p < 1, then T^^p^i maps Hp{R'^+'^) boundedly into weak-LP{R'^+'^); that 
is, there exists a constant C > not depending upon A and f such that for any f G Hp(R'^~^-^), 

^^im^^ A>o. 

XP 



{ix,t)eR'+':\T'(P^f{x,t)\>X} 



Remarks, (i) This result generalizes that of [5] in R'^ x R to non-radial cases ( which is of finite 
type and convex ) by using the arguments based on the results in [6]. 

{ii) As a matter of fact, we prove this result under more general surface condition than the 
finite type condition on S^, which was so called a spherically integrable condition of order < 1 in 
[6]. 

In what follows, we shall use the polar coordinates; given x G R*^, we write x = rO where 
r = |a:| and 9 = {0i,92, ■ ■ ■ , ^d) G S'^~^. Given two quantities A and B, we write A< B or B > A 
if there is a positive constant c ( possibly depending on the dimension d >2, the hypersurface S^, 
and the index p to be given ) such that A < cB. We also write A B ii A < B and B < A. We 
denote by Rg = R'' \ {0}. For e G S^~^, we let V^f denote the directional derivative (e, V^)/ of a 
function /(^) defined on R'^. For e G S"^~^, we let V^g denote the directional derivative {e,'Vw)g 
of a function g{w) defined on R''"^. For a multi-index a = (ai, a2, • • • , ad+i) G (N U {0})'^"'"^, we 
denote its size \a\ by \a\ = ai + 02 + • • • + Od+i- 

2. Preliminary estimates on a smooth convex hypersurface of finite type. 

Let S be a smooth convex hypersurface of M.'^ and let da be the induced surface area measure 
on S. For x G R*^, we denote by B{^{x),s) the spherical cap near ^(x) G S cut off from E by a 
plane parallel to T^(3;)(S) ( the affine tangent plane to S at ^{x) ) at distance s > from it; that 
is, 

^(e(a:),5) = UGS: d(e,%,)(S)) <s}, 

where ^(x) is the point of S whose outer unit normal is in the direction x. These spherical caps 
play an important role in furnishing the decay of the Fourier transform of the measure da. It is 
well known [9] that the function 

(2.1) ^{9) ■= sup a[B{C{r9), l/r)](l + r)"^ 

r>0 

is bounded on S^~^ provided that S has nonvanishing Gaussian curvature. 

Remark, (i) B. Randol [8] proved that if S is a real analytic convex hypersurface of R'^ then ^ G 
LP{S'^~^) for some p > 2. Thus any real analytic convex hypersurface satisfies that <P G Lp{S'^~^) 
for any p <2. 

(ii) More generally, it was shown by I. Svensson [12] that if S is a smooth convex hypersurface 
of finite type k>2 then # G Lp{S^-'^) for some p > 2. 

Thus, by the above remark (ii), it is natural for us to obtain the following corollary. 

Corollary 2.1. If T, is a smooth convex hypersurface of R'^ which is of finite type, then ^ G 
LP(S"^-i) for anyp< 2. 

Sharp decay estimates for the Fourier transform of surface measure on a smooth convex hy- 
persurface S of finite type k >2 have been obtained by Bruna, Nagel, and Wainger [2]; precisely 
speaking. 



(2.2) 



\T[da]{x)\^a[B{^{x),l/\x\)]. 
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They define a family of anisotropic balls on S by letting 

S(Co,s) = {eGE: d(e,r5„(I]))<s} 

where ^ We now recall some properties of the anisotropic balls B{S,o,s) associated with 
S. The proof of the doubling property in [2] makes it possible to obtain the following stronger 
estimate for the surface measure of these balls; 



~ I d-l 



j^a[B{^o,s)], 7<1. 



It also follows from the triangle inequality and the doubling property [2] that there is a positive 
constant C > independent of s > such that 

(2.3) ^amo,s)]<am,s)]<Camo,s)] for any ^ G 6(^0, s). 



Lemma 2.2 [6]. Let T, be a smooth convex hypersurface o/R" which is of finite type k >2. Then 
there is a constant C = C(S) > such that for any y G B{0; s) and x G B{0; 2sy, < s < 1, 

ax-y)€B{ax),C/\x\) 

where ^{x) is the point ofT, whose outer unit normal is in the direction x. 

Lemma 2.3. Let T, be a smooth convex hypersurface ofW^ which is of finite type k > 2. Then 
there is a constant C = C(S) > such that for any x,y eW^ with \x\ > 2 |y| > 0, 



\x — y\j \\x\ 
where ^ is the function defined as in (2.1). 

Proof. It easily follows from (2.3), the definition of and Lemma 2.2 that for any y G -6(0; s) and 
x € B{0;2sf, < s < 1, 



^ (^^) < supc7[^(e(a; - y), 1/r)] (1 + r)^ 

\\x-y\J r>0 



<snpamix),l/r)]{l + r)— =^ 

r>0 \\X 



X 



Thus this implies that for any x,y with |a;| > 2 |?/| > 0, 

^ f x/\y\-y/\y\ \ ^ ( xM_\ ^ ^ ( ^\ ^ 
\\x-y\) \\x/\y\-y/\y\\) - \\x/\y\\) \\x\) ' 



3. The kernel estimate associated with the cone type multipliers. 

Throughout this section from now on, we shall concentrate upon obtaining decay estimate of 
the kernel associated with the cone type multipliers. First of all, we obtain the lower bound of the 
phase function of the kernel on the dual cone = {{x^t) G R*^ x M : |t| > 7|x|},7 = sup^g^^ |^|, 
and the unit ball Bg = G R*^ : Q{i) < 1}. 
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Lemma 3.1. Suppose that g G C°°(R \ {0}) is a non-radial homogeneous distance function 
satisfying Q{t^) = tQ{^). Then we have the following estimate 

inf \t + {x,Cl\>\t\-l\x\>^, {x,t)&T^. 



Proof. It easily follows from the triangle inequality and Schwarz inequality. □ 

Let V' G C'lf (R) be supported in (1/2, 2) such that Yliiei. ^^(2"^ i) = 1 for i > 0. For fixed / G Z, 
we shall need pointwise estimates for the operators 

^'^'V(^,t) = 7^4^ / / }Cl^''\x-y,t-s)f{y,s)dyds 

where 

(3.1, ^f<..(,.,) = _l^|J^^,.(.0.-(l_^)^"^p^^ 



For each I G Z, the kernel K,^'^^'' has the property 

(3.2) /cf(P)(x,t) =2(''+i)'X:?^)(2'x,2't). 

Let (?!) G C^(M) be supported in (1/2, 2) such that Y.kei. ^i'^'' s) = 1 for < s < 1, and let 

<r'(M) ^ ^/J^^e'<«>-,(2-. (l - f )) (l - ^) 

We write Eis«<r' = E«« = Tf'-K Since the kernel <!f'(i.t) 

has a very nice decay in terms of x-variable and a properly good decay in t-variable, it suffices to 
treat only the operators in the following lemma. 

Lemma 3.2. Suppose that g G C°°(M'' \ {0}) is a non-radial homogeneous distance function 
satisfying g{t^) = tg{$,) . If \x\ < 2^~'7~-^ for fixed I G Z, then for each k & N we have the following 
uniform estimates; for any N €N, 

\}Clf{x,t)\+ J2 ^[[^^''/CjJ^Ka;,*)! <C2('^+i)'2-'=Wp)+i)min{l,(2-'=2'|i|)-^}, 

\a\=n+l 

and thus 

\a\=n+l ^ ' ^' 

where n G N, a = (ai,Q;2,-"" jCtrf+i) G (N U {0})'^+-'- is a multi-index, and we denote by a\ = 
ai! 02! • • • Q!(i+i! and 



Proof. It easily follows from the integration by parts A''-times with respect to r. □ 
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Now we proceed the case that \x\ > 2^ ^7 ^. By the change of variables, the integral (3.1) 
becomes 

We shall employ a decomposition of the Bochner-Riesz multiplier (1 — g)^_^^^ as in A. Cordoba [3]. 

Let 4> e Co°°(l/2,2) satisfy Efcez'A(2'=t) = 1 for t > 0. Put ^l^"^ = 0(2^+i(l - ^))(1 - and 

= (1 - ) - EfceN^f ^ for k G N. Then we note that Eken'^k"^ = - ^)?^ 
where (p G Cq°{M.'^) is a function supported in the closed annulus 



{^eR": 1/2 < ^(0 < 2} 

such that 

(p(^) = (f){2''+^{l - g{^))) on the open annulus G R'^ : 1/2 < q{() < 1}. 

ken 

We now introduce a partition of unity H^, = 1, 2, • • • , Nq, on the unit sphere T,g which we extend 
to by way of Ili{tQ = ^^(O, t > 0, C € S^,, and which satisfies the following properties; by 
compactness of S^, there are a sufficiently large finite number of points Ci; C2) ■ ' ' ) Ca^o ^ such 
that for ^ = 1,2,-- - ,No, 

0) Et°in^(C) = ifor aiices,, 

(ii) H,(C) = 1 for all C G n 5(0; 2-^/2), 
(ifi) is supported in n B{Cf, 2^''^/^), 

(iv) |P°n^(0| < 2l«l^/2 for any multi-index a, if 1/2 < g{^) < 2, 

(v) -^0 < 2("'~^)^/^ for some sufficiently large fixed M ( to be chosen later ), 

where B{(o; s) denotes the ball in with center ^0 € and radius s > 0. Then we split the 
kernel JCf^^'' {x, t) into finitely many pieces as follows; 

(3.3) lC^i^''\x,t) 

No n n 

^^id+DiY^ // e^^'l-l<M'O^+^^'*^(l-^(0)f)^(0n,(0V(r)r'^dedr 
e=i 

No 

e=i 

Here we observe that for Z G Z and ^ = 1, 2, • • • , Nq, 

(3.4) K.f^''\x,t) = 2('^+i)'/cJ5^) {2'x,2h). 

Lemma 3.3. Suppose that g G C°°(M^ \ {0}) is a non-radial homogeneous distance function 
satisfying g{t^) = tg{^). If S{p) = d{l/p - 1/2) - 1/2 for {) < p < \, then given n,N eN, there 
exists a constant C = C{p,n, N,T,g) such that for any {x,t) G Tj, 



Kl'\x,t)\+ l|[p«<?^](x,t)i 

C 



a' 

\a\=n+l 



< 



(1 + |x|)^W+i+^ V y (1 + 1*1 - 7|a;|) 
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where a G (N U {0})'^ is a multi-index satisfying \a\ = n + 1. 
Proof. We observe that the map 

defines polar coordinates with respect to q by way of 

di = Q''-\CMO)dQda{0, 

where da{C,) denotes the surface area measure on and n{C,) is the outer unit normal vector to 
at C £ S^. Now fix Q G S^. Then the unit sphere can be parametrized near C,^ G by a 



map 



w ^ V{w), w G R'^"\ \w\ < 1 



such that 'P(O) = Q. Then there is a neighborhood Uo of Q with compact closure, and a neigh- 
borhood Vo of the origin in W^~^ so that the map 

(3.5) Q : (1/2, 3/2) x Vo ^ Uo, {g, w) ^ Q{g, w) = qV{w) 

is a diffeomorphism with Q(l, 0) = Q. The Jacobian of Q is given by 

Z{q,w) = Q''-\V{w),Xi{V{w)))n{w), 

where TZiw) is positive and 



[n{w)f = det 



dw 



dw 



By (3.3), we have that 



(3.6) = ||e^l^l<M'O-+^*-(l-^(0)f )^(On,(Or'^V'(r)dedr. 
Let I^{x,t) denote the integral with respect to ^-variable in (3.6); that is to say, 

i^{x,r)= [ e^i-i^^'«>-(i-^(e))fV(e)n,(e)d^. 

Applying generalized polar coordinates that we introduced in the above, we have that 

(3.7) I^{x,t) 

= jj e'\^\^Wv<^^^^{l-e)f\{QOlii{QOQ''-'{(:MO)dQda{0 



gZ|x|(^,,PW>r jj4Q(^, W)] Z{q, w) dw 

= j J,°(x,r,^)(l-e)f)d^. 
We note that if {9,n{C,i)) < 1, then we have that 
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Combining this with the homogeneity condition on the distance function g and choosing a suf- 
ficiently large M > in (i) ~ (v), we may select Eq > 0, a neighborhood Ui of Q with 
supp i^pHe) C Ui C Uo, and a neighborhood Vi of the origin in W^~^ so that (3.5) satisfies, 
and such that for all {w, g) £ Vi x [1/2,1], 



\VUe,gV{w))\>co if |(e,n(0))| < 1 - £o 



and 
(3.8) 



ci < 



<C2 if |(e,n(0))| > 1-eo 



for some cq > 0, ci > 0, and C2 > 0. We choose some e G S"* ^ so that for all {w, g) eVi x [1/2, 1], 
(3.9) \V^{e,gV{w))\ > ^ \V^{e,gViw))\ > ^ cq if \{e,n{Ci))\ < 1 - ^o- 

If I {9, n{Q)) I < 1 —£0; we apply the integration of J^{x, r, g) by parts with respect to lu- variable 
A^i -times to obtain that 



^0. ^ .X / A-\{^,oV{^))r (PP^^ {ip[Q{g,w)\ne[Q{g,w)\Z{gM) 
Jt{x,T,g)- I {i\x\Vf{e,gV{w))T)^^ 



dw. 



Then we integrate the kernel Kf^l'\x, t) by parts with respect to r-variable TV-times to get that 



(3.10) iclf{x,t) 



i\x\{^^,QV{w 



[iit + \x\{f^,eV{w)))]^ 



(V^)^^ {cplQiQ, w)] U,[Qig, w)] d{g, w)) 



{i\x\Vf{6,QV{w)))^^ 
Thus, by Lemma 3.1, (3.9), and (3.10), we have that for any N,Ni G N 

(3.11) 



dr 



dw{l-g)^_l''^ dg. 



\)Clf'ix,t)\< ^-L^pi)^, (i + |i|_^|^|)iv 



If \{e,n{Ce))\ > 1 - £o, then we apply the integration of K.l^/\x,t) ( in (3.6) and (3.7) ) by 
parts with respect to r-variable A/'-times to obtain that 



(3.12) 



5{p) 



5{p) 



X ^[Q{g, w)\ n4Q(^, w)\ Z{g, w) dw (1 - gf}"^ dg 
'f[Q{Q,w)]Tli[Q{Q,w)]Z{g,w) , , f d 



N 



dr 




N 



N 



dgdw e**^ ( — ) {r''V(T)}dr, 



Then it follows from the asymptotic result (see [4]) of (3.12) with respect to £»- variable that for 

any A^i G N, 



(3.13) JCl\'\x,t)= / e^*-[3,(x,r) ^ { 



[T'^'il;iT)}dT + Oi\x\ 
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where 

and tj G C^{V{Vo) x S'^'^) for j = 0, 1, 2, • • ■ , A^i - 1. In particular, 

If we restrict to (x, t) € Fj, then the required decay estimate of the kernel follows from (2.1), (2.2), 
Lemma 3.1, (3.8), (3.11), and (3.13). Finally, we can complete the proof by noting the fact that 

E|a|=iv 'D"}<^oi'^ = E|a|=iv(^°*) * l<^of^ ^^i some Schwartz function * G ©(M'^+i). □ 

Corollary 3.4. Suppose that g G C°°(R'^ \ {0}) is a non-radial homogeneous distance function 
satisfying g{tS^) = tf?(0- V^ip) = ^^i^/p — 1/2) — 1/2 for < p < 1, then given iV G N, there exists 
a constant C = C{p, N, T,g) such that for any (x, t) G Tj, 



< 



|a|=Ar 

C 



(i + \x\y(p)+^+^ ^ \\x\j {i + \t\-j\x\)^ 

where a G (N U {0})*^ is a multi-index satisfying \a\ = N. 

4. The atomic decomposition for Rp spaces and technical lemmas. 

An atom is defined as foUws: Let < p < 1 and v be an integer satisfying i/ > (d-\-l){l/p—l). 
A (p, z/)-atom is a function a which is supported on a cube Q with center xq G M'^+^ and which 
satisfies 



(i) |o(x)| < |g|-i/p and (ii) / a{x)x''dx = 0, 



where a = {ai,a2, - ■ ■ ,ad+i) G (NUjO})''^"'^ is a multi-index satisfying |q;| '= ai +02 + ' • < 
1/ and x" = x^^Xj^ • • • x^^'^\ If / = ESi'^*'^* where each Oj is a (p, z/)-atom and {cj} G £^(M), 
then / G and ||/||jfp < Yli the converse inequality also holds (see [9]). 

First of all, we recall a useful lemma [10] due to Stein, Taibleson and Weiss on summing up 
weak type functions in case of < p < 1. 

Lemma 4.1. Let < p < 1. Suppose that {t}k} is a sequence of nonnegative measurable functions 
defined on a subset Q, of such that 

\{xen: f)fe(x) > A}| < ^, A>0, 

where A > is a constant. If {ak} is a sequence of positive numbers with \\{ak}\\ip < oo? then we 
have that 



{x : ^ afet)fc(x) > A} 



<^ IIKIII?.^, A>0. 



Theorem 1.1 is obtained by applying a natural variant of Lemma 4.1 as in the following lemma. 
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Lemma 4.2. Let a > and < p < 1. Suppose that {gi} is a sequence of measurable functions 
defined on a subset fl of such that 

\{x€n: |0,(x)|>A}|<2-«'PA-P 

for Z G N and all X> 0. Then we have that 



{xen-. J2Mx)\>X} 



For j G N and Z G Z, we set 
(4.1) A = G M'^ X 1 

Bi = {{x,t) G M'' X 1 



2^7|a;| < 4,2^|t| > 2}, 
2^j\x\ > 4, 2^ \t\ < 2, 
2^j\x\ > 4, 2^ |i| > 2, 
2^j\x\ > 4, 2^ |t| > 2, 



-71^11 > 2-^}, 

Ci = {{x,t) G X M : 2'7|a;| > 4, 2' |i| > 2, -7|a;|| < 2"^}, 
Di = {{x,t) G M'' X M : 2^1^! > 4, 2^ |t| > 2, ||i| - 7|x|| > 2"'} 

Pi {{{x, t) eR"^ xR: \t\ < 2-^7 |x|} U {{x, t) e R'^ x R : \t\ > 27|x|}) , 
Eji = {{x,t) G M'^ X M : 2'7|x| > 4, 2' \t\ > 2, 2-'2^-^ < -7|x|| < 2-'2^'} 
f]{{x,t) G M'^ X M : 2-^7 \x\ < \t\ < 2'y\x\}. 

For j G N, Z G Z, {x, t) G M'^ x R, and a, 6, c G M+, we set 
(4.2) AKx,t) = 2^''\t\-'^P^-'xA,{x,t), 



Bf{x,t) = 2"'\x 



-d/p-N 



Cfix,t) = 2^''\x\-'^/P # 



Pf(x,t) = 2 



lb 



X\ 



-d/p (p 



8^i{x,t) = 2^''2-^^\x\-'^/P # 



XBt {x,t), 
XCiix,t), 

XEjlix,t). 



Then by simple computation we obtain the fohowing lemma. 

Lemma 4.3. Let < p < 1 and 6{p) = d{l/p— 1/2) — 1/2. Then we have the following estimates; 



(a) \{{x,t) eW^ X 

(5) \{{x,t) G M'^ X : 

(c) \{{x,t) G M'^ X : 

(d) |{(a;,t) gR'^ X 

(e) {{x,t) G M*^ X : 



A'i{x,t) > A}| < 2'^^ A-P, A > 0, 
B\{x,t) > A}| < 2'^A-P, A > 0, 
Cf{x,t) > A}| < 2'^ A-P, A > 0, 
Pf(a;,t) > A}| <2"^A-f, A > 0, 



£^i{x,t)>X} 



< 2-j(^p-i) 2^/^ \-P, A > 0, where 



(i) h= {d+ l)(p -\)fora = d+l- d/p, b = d+l-d/p- N, andc = d- 6{p), 

(a) h= {d+l + N)p-{d+l) fora = d+l + N-d/p, h = d+l-d/p, and c = d + N - 5{p). 

Moreover, if N > max{(cZ + l){l/p — 1), ^/p}, then it easily follows from Lemma 4-1 that 

\{ix,t) G M'' X R : £t{x,t) > A}| < 2^^X-p, A > 0, 

where S^{x,t) = EjeN^jiC^'*)- 

Proof. It easily follows from polar coordinates, Corollary 2.1, Fubini's theorem, and Chebyshev's 
inequality. □ 
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5. Weak type estimates on Hp{R'^+'^), < p < 1. 

In this section, first of all we shall obtain the uniform weak type estimates of T^^P^a on the 

closed unbounded conical sector in ]R'^+^ when a is a (p, A'')-atom with N > {d + l){l/p — 1). 
Then we complete its weak type estimates on the whole space M'^"'"^ by applying the translation 
invariance of the operator and Hp spaces. 

Proposition 5.1. Suppose that g G C°°{W^ \ {0}) is a non-radial homogeneous distance function 
satisfying £>(t^) = whose unit sphere is a convex hypersurface of finite type, and let 

< p < 1 he given. If a is a {p,N)-atom with N > {d+ l){l/p— 1) defined on W^~^^, then there 
exists a constant C = C{d,p) such that 



{{x,t) G R'+^ : \T'^P^a{x,t)\xrJx,t) > A} 



<C\-P, A>0. 



Proof. Since T^^p") is translation invariant, we may assume that a is supported in a cube Q of 
diameter d > centered at the origin. We observe that 

(5.1) \{{x,t) e M'^+i : \T'(P^aix,t)\xr,{x,t) > X}\ 

< \{{x,t) eQ.nr^: \T^^P^a{x,t)\xr,{x,t) > A/2}| 

+ \{ix,t)eQ:nr^ \T'(-P^a{x,t)\xr,{x,t) > A/2}| 

where is the cube concentric with Q and with sides of twice the length, and we will show that 
each term is bounded by C X~p. 

Suppose {x,t) G Q* n Tj. By Plancherel theorem and Holder's inequality with p/2 + 1/q = 1, 
we have that 

/ / \T^^P^a{x,t)\Pdxdt < C||r^(f)a||^.™. |Q*|^/« < C. 

Hence, by Chebyshev's inequality, we have that for all A > 0, 

(5.2) \{{x,t) G : \r'(-P^aix,t)\xr,{x,t) > A/2}| < CA'^ 
Next we want to estimate the following weak type inequality 

(5.3) \{{x,t) G Qt : \T'(P^a{x,t)\xr,{x,t) > A/2}| < CA-^ A > 0. 

We first assume that a is supported in the cube Q° of diameter 1 centered at the origin. We 
consider the case {x,t) G {Q'iy n F^. Fix I > 0. Since a is supported in the cube of diameter 
1, it follows from Lemma 2.3, (3.2), (3.4), Lemma 3.2, Corollary 3.4, (4.1), and (4.2) that 

\Tf^^\{x,t)\x{QO)cnr^{x,t) 

<2(d+i)i II \a^y^s)\\Kl^p){2\x-y),2\t-s))\xiQoyr.r,{x,t)dyds 

< [[ Af-^^''\x-y,t-s)dyds+ [[ 8'}+^-'^'''-'' {x - y,t - s) dy ds 
JJqo JJqo 



+ 11 C';^^-'"\x-y,t-s)dyds+ jj vf^'-"/^-'' (x - y,t - s)dyds 
JJqo JJqo 

+ // E^'>''~'^"(^-y^t-'^dyds 



< Af-'^''\x,t) + Bf^^-''^''-'' {x,t) + C^^^-''^''{x,t) + vf+^-'^/P-'' {x,^^ 



SMOOTH CONE TYPE MULTIPLIERS 



11 



where N is a positive integer satisfying N > max{(d+ l)(l/p — 1), Thus, summing up over 
the indices j G N by using Lemma 4.2 and Lemma 4.3, we obtain that 



{{x,t) G {Q'ir ■■ \Ti'^''^a{x,t)\xr,{x,t) > A/4} 



Adding up over the indices Z > by using Lemma 4.2 once again, we easily get that 



(5.4) 



{{x,t) € (go)^ : \T^'^^^a{x,t)\xrMt) > A/4} 

l>0 



< A-P, A > 0. 



We now fix / < 0. Let A'' G N be an integer satisfying A — 1 < max{((i+ l)(l/p — 1), l/p} < A. 
Then we see that {d + I + N)p - (d + 1) > 0. If {x,t) G [Qlf n L^, let Pj.x,* (y, s) denote the 
(A' — l)-th order Taylor polynomial of the function (y, s) i— > JCi{x — y,t — s) expanded near the 
origin (0,0) G M'' x M. Then we have that 'Pi,a:,t{^,t) = 2('^+i)' Po,rr,f(2'x, 24) for fixed I < 0. 
Then it follows from the vanishing moment conditions on o, Lemma 2.3, (3.2), (3.4), Lemma 3.2, 
Corollary 3.4, (4.1), and (4.2) that 



< 



< 



2(''+i)' // |a(y,s)||<(^)(2'(x-y),2'(t-s))-Po,x,t(2V,2's)|x(QO)cnr,(x,t)dyds 
JJq" 

2id+i)i f' ff ^ l|[D«/C^(p)](2'(rr-Ty),2'(i-r.))| \2^{y,s)f xwrnrMt)dydsdT 
Jo JJqo I , 



A 



10 JJq" 

^ 111 



d+N-5{p) 
I 



(x — ry, t — Ts) dy ds dr + 



B 



.d+l-d/p 



JJq" 
1 



X — ry, t — Ts) dy ds dr 



.d+i+N d/p^^ _ ^ _ dydsdr + j j j vf'^^ ^^^{x — ry, t — ts) dy ds dr 

Jo JJq° 



+ f II T.^J<''^''~'^'('^-^y^*-^')dydsdT 

Jo JJq°^ 



< At+''-'^''\x,t) + Bt+'-''^''{x,t) +Cf+'+''-''/''{x,t) +vf+'-''/^{x,t) + 5]£:;^+'+^-"/^(x,t). 

Therefore summing up over the indices j G N by using Lemma 4.2 and Lemma 4.3 leads us to 
obtain the following weak type estimate 

{{x,t) G (Q°)^ : |7;'(^)a(x,t)|xr,(x,t) > A/4}| < 2i(d+i+N)p-{d+i)]i^-p^ ^ > 0_ 
Adding up over the indices / < by using Lemma 4.2 once again, we easily obtain that 



(5.5) 



{{x,t) G (Q?)^ : 5^|7;'(^)a(x,t)|xr,(x,t) > A/4} 



KO 



< A-^ A > 0. 



Suppose now that a is an arbitrary (p, A)-atom { N > (d +!)(!/]?— 1) ) supported in a cube Q 
of diameter d>0 centered at (xq, to) G W^+'^. Let b{x, t) = o(0 (x - xo),d {t - to)). Since 

T^^p") is translation invariant, without loss of generality we may assume that (xq, to) = (0, 0). Then 
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b is an atom supported in the cube Q'^ of diameter 1 centered at the origin (0, 0) G R'^ x M . This 
impUes that 



(5.6) 



Jm. Jm.^ \ 



x-y t- s\ 5{p) 

K-i {y,s)dyds 



Repeating the same arguments used in (5.4) and (5.5) in terms of (5.6), we obtain the weak type 
estimate (5.3) given in the above. Hence by (5.1), (5.2), and (5.3) we complete the proof. □ 

Proof of Theorem 1.1. Let / = YnLi^iOii e Hp{W^+'^) where a'^s are (j9,Ar)-atom {N > 
(d+ l)(l/j9- 1)). Then we see that 



HP ~ ^ 



c,- r < oo. 



i=l 



By Proposition 5.1, we obtain that 

{(x,t)er^:|r^(f)ai(x,t)|>A}| <A-^ 

where the constant C does not depend upon A and Oj. Thus by applying Stein, Taibleson, and 
Weiss's lemma ( see [10] ), we have that 



(5.7) 



{{x,t) G : \T'^P^f{x,t)\ > A} < X-P J2 l^il"- 



i=l 



Finally, it remains to show that the inequality (5.7) holds on M'^"'"^. For any R > there must 
be a ball Bfi(xo,to) of radius R centered at a point {xo,to) contained in the conical sector F-,,. 
Then it follows that 

(5.8) \{{x,t) G Bn{xo,to) : \T'^^^ f{x,t)\ > A}| < \{{x,t) G F^ : \T'(p^ f{x,t)\ > A} . 

Now we define (Thkf){x, y) = f{x — h,y ^ k), h G M*^, A; G M. Since the operator T'^(p) is translation 
invariant and commutes with the translation operator ( i.e. ThkiX^^^^ f) = T^^P^Thkf) ), the 
left-hand side of (5.8) is rewritten as 

{{x,t)eBn{xo,to)-\r'^'^fix,t)\>X} 

= {{x',t') G Br{0,0) : |r(_.„)(_,„)(r^(^)/)(x',t')l > A} 

f)]ix',t')\>X} 

Thus it follows from (5.8) and the fact \\{T(^-xo){-yo)f)\\Hp = WfWnp that 



(5.9) 



{{x,t) G 5^(0,0) : \T'^P^f{x,t)\ > A} < A-^' \ci\P. 



i=l 



Therefore, the inequality (5.9) being uniform in i? > implies that 



{{x,t) eR^xR: \T'(^^f{x,t)\ > A} < A'^ Yl l^^l" ^ 



HP 



i=l 



XP 



Hence we complete the proof. □ 

Remark. If (5 < d(l/^>- 1/2) - 1/2, it is easily shown that is not weak type (p,p) on Hp{R'^+^) 
from Lemma 4.3. Moreover, the inequalities in Lemma 4.3 are sharp ( see [10], p. 90 ). 
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